Abstract. Using the Bethe ansatz, we present a general formula for the dynamics of the central spin in the central-spin model with inhomogeneous Heisenberg couplings and with a central magnetic field. We evaluate this formula both analytically and numerically for a fully polarized bath. For this configuration, we find, after an initial decay, an oscillatory behaviour of the central spin at all times.
Introduction
The central-spin model, or Gaudin model, is defined through the Hamiltonian
One central spin S 0 interacts with N b -many bath spins via inhomogeneous Heisenberg couplings. Additionally, a magnetic field h is included that couples to the central spin only. Here, we restrict ourselves to spin-1/2 objects. This model is being used widely to model the hyperfine interaction between an electron spin in a quantum dot and the surrounding nuclear spins [1, 2, 3, 4, 5, 6, 7, 8, 9] . The finite size of the quantum dot leads to inhomogeneous coupling constants, depending on the distance of the nuclei from the center of the dot [2, 6] . Since quantum dots are considered as candidates for spin qubits [10] , special interest is on decoherence phenomena of the central spin. In [5, 6] it was argued that the non-uniform hyperfine couplings cause the central spin to decay. Two special cases were considered in those works: a completely polarized and a completely unpolarized bath. In the case of a strong h-field, results for arbitrary polarization have been obtained in [11] . In all cases, the decay was not found to be bounded from below, implying that the initially oscillating central spin comes to rest due to the inhomogeneous couplings to the environmental spins. In this paper, we show that at least for the completely polarized bath, such a behaviour is not confirmed by the exact solution from the Bethe ansatz (BA). The model Eq. (1) is also of more fundamental interest. As mentioned above, its eigenvalues and eigenstates can be constructed exactly in the framework of the BA [12, 13, 14, 15] . In this formalism, the solution of the eigenvalue problem is transferred to the solution of coupled algebraic equations for the quantum numbers (BA numbers). Both the eigenstates and the eigenvalues are constructed in terms of these numbers.
On the other hand, in the thermodynamic limit, this solution becomes equivalent to the outcome of a mean-field approach [16, 9] . However, as demonstrated very recently [17] for the homogeneous Gaudin model (that is, A j =: A ∀j in (1)), the time evolution of the central spin starting from a completely unentangled state is nontrivial only for finite particle numbers, away from the thermodynamic limit, where the mean-field solution does not apply. This suggests that generally, the solution of the full quantum mechanical problem is needed even for large particle numbers. For example, the results in [17] show that the central spin in an initially unentangled environment decays for zero bath polarization; on the other hand, it was observed that initial entanglement of a nonpolarized bath prevents the central spin from decaying.
In the recent years, a whole variety of methods has been applied to study decoherence phenomena in the central-spin model, however the potential of the exact BA solution is still unexplored. This work constitutes a first step to demonstrate the practicability of the BA approach by presenting a general formula for the dynamics of the central spin and focusing then on one special case. The study of this special case should be considered not as the end, but rather as the starting point of the investigation of the exact solution.
In the following, we derive an exact formula for the time-dependent expectation value S z 0 (t), starting from a completely unentangled state, by employing the BA solution. For M b -many flipped spins in the bath and with the central spin flipped as well, the result is an M b + 1-fold Fourier series where the Fourier frequencies are given by the BA numbers, whereas the Fourier amplitudes are determined by the norms of the eigenfunctions. We evaluate this formula explicitly for M b = 0 (fully polarized bath). In this case, for a large number of particles, S z 0 (t) oscillates with a frequency ∼ N b j=1 A j . The envelope at short times decays ∼ t 2 , whereas at long times, the amplitude does not change any more. For all times, the amplitude is of
This paper is organized as follows. In the next section, we sketch the BA setting and give the general formula for S z 0 (t). The third section contains both analytical and numerical results for a fully polarized bath. We end with concluding remarks.
The Bethe ansatz solution
The Bethe ansatz solution of the model (1) was found by Gaudin [12, 15, 14] . Before summarizing it, let us introduce the abbreviations
The eigenvalues Λ ν of the Hamiltonian (1) for a fixed number M of down-spins (i.e. magnetization N/2 − M ) are given by [13, 14] (in those works, the inverse numbers ε j := 1/A j , E k,ν := 1/ω k,ν are considered)
provided that the ω k,ν fulfill the equations
Gaudin [15] showed that there are C N M -many sets of solutions {ω 1,ν , . . . , ω M,ν } to these equations. Furthermore, the eigenstates to a fixed M read
with A 0 = ∞. Before writing down the normalization factor n Mν , let us comment on the last formula. By |0 we mean the fully polarized state | ⇑; ↑, . . . , ↑ , where the symbols ⇑, ⇓ for the central spin and ↑, ↓ for the bath spins are used. After the last equality-sign in (3), the product of the previous equation is expanded into a sum over different ordered configurations J = {j 1 , . . . , j M }, where M many spins are flipped on the lattice sites j 1,...,M . The first sum in (3) contains the M !-many permutations of the set J. The normalization factor n Mν was conjectured by Gaudin [14, 15] and proved by Sklyanin [18] for h = 0:
For M = 1 this is obviously true also for finite h. We have checked the validity for N b = 3, M = 2 and finite h as well and thus conjecture that this formula holds for general N b , M, h. In order to arrive at an expression for S z 0 (t), we decompose the initial state into eigenstates. We focus here on the case where the initial state is a complete product state. It is denoted by |L , characterized by the set L = {ℓ 1 , . . . , ℓ M }, with spins flipped on the lattice sites denoted by the elements of L. Let us rewrite Eq. (3) by introducing the C
From the unitarity of the Hamiltonian and from the normalization of the eigenstates it follows that D is unitary:
, where * denotes complex conjugation. Thus the time evolution of the initial state reads
Let |L be such that the central spin is flipped, i.e. M b = M − 1. Then ℓ 1 ≡ 0 and the initial configuration is given by the set L b = {ℓ 2 , . . . , ℓ M } which contains bath sites only. The ordered sets J b are defined analogously. From Eq. (4), one can infer the reduced density matrix for the central spin
The ordered set 0 ∪ L b contains the central spin site 0 and M b -many bath sites; 0 ∪ J b is defined similarly. We also inserted the eigenvalue (2) and dropped an overall phase factor in the last equation. Thus one concludes that
Note that this expression still depends on the initial state through the L b -dependence of |α J b (t)| in Eq. (5). Let us comment shortly on the Poincaré recurrence time τ P . Generally, the BA numbers ω k,ν are irrational numbers (or complex conjugate pairs), which means that the system never reaches its initial configuration again, i.e. τ P → ∞. In special cases, however, the recurrence time can be finite, for example for homogeneous couplings [17] . Thus in that particular case, the BA numbers are rational, which we verified for M b = 0, N arbitrary and for N b = 3, M b = 1.
Special cases
We have checked that in the homogeneous case ‡ (A j ≡ A ∀ j) for N b arbitrary, M b = 0 and for N b = 3, M b = 1, Eq. (6) yields the same results as those obtained in [17] by diagonalizing the Hamiltonian directly.
Fully polarized bath: Analytical results
Let us now concentrate on the inhomogeneous case with arbitrary N b and a fully polarized bath (M b = 0). The initial state is | ⇓; ↑ . . . ↑ . The sum in Eq. (5) contains only one term,
where the frequencies ω ν are solutions of the single BA equation
Before solving these equations numerically, we first extract the qualitative behaviour of S z 0 (t) in the limit of large N b . Therefore, the N -many roots ω ν have to be found. Let us start with |h| ≪ N . Then ω 1 = −2h/N + O(h 2 ) is one solution, tending to 0 as h → 0. Another solution is found at ω 2 = N bĀ − 2h + O(1). By inspection of Eq. (7) one sees that any other of the remaining N − 2 solutions is located between two consecutive A j (in [19] , analogous conclusions were drawn for a similar equation). Thus α(t) can be written as follows, where in the first two terms of the sum only orders 1, 1/N b are taken into account:
To obtain a rough approximation of the last sum, we recall that each ω ν there is located between two consecutive A j . Let 0 < A j ≤ A, where A is independent of ‡ This case requires a careful treatment of degeneracies that occur in the spectrum and in the BA roots [15] . S It is worthwhile noting that these equations can also be obtained by the ansatz made in [5, 6] . In that approach, the BA numbers are the poles of the Laplace transform of α(t). In contrast to [5, 6] , where the large-particle limit is taken in the Laplace space, here this limit is taken in t-space.
N , and let the A j be distributed smoothly between 0 and A. Then we estimate the difference between two consecutive A j as ∼ A/N b , so that each term in the last sum in (8) scales ∼ 1/N 2 b . We cannot perform the thermodynamic limit (TL) by introducing the true density of the A j since then the sum in (8) would be identical to zero: the ω ν get arbitrarily close to the A j in the TL. The second term in (8) would be zero as well, so that the dynamics becomes trivial. Thus sums have to be evaluated for large, but still finite N b , avoiding singularities that occur for N b → ∞.
A way to handle this is to replace 1 +
with certain constants γ ν . Then, including only the leading order, (9) with constants c, c ′ . The last expression yields the short-time behaviour. From the Fourier sum after the first equality sign in Eq. (9), we estimate the time until which the amplitude of the oscillation decays as
By inserting the result (9) into Eq. (8), one evaluates |α(t)| 2 including orders 1, 1/N b :
where ω 1 was neglected. The constant c 1 is fixed by the condition |α(0)| 2 = 1. For times t ≫ t a , the exact location of the ω ν matters, leading to the recurrence time tending to infinity, τ P → ∞. Furthermore, the contribution (9), which is a Fourier sum over frequencies in the interval ]0, A], decays for long times and is dominated by the first two contributions in (8) from t ≈ t a onward. So we expect
with an undetermined amplitude c 3 of order O(1). Thus the non-uniformity of the couplings causes an initial decrease ∼ t 2 of the amplitude. This decay stops after a time ∼ t a . These effects are O (1/N b ) . The frequency of the oscillation is O(N bĀ /2 − h), in agreement with [5, 6] . Note that a small positive magnetic field causes a slow-down of the oscillation.
We now look at a strong field |h| ≫ N b . Here ω 1 = −2h + N bĀ , whereas all other
and c 4 is chosen such that |α(0)| 2 = 1. For longer times, we expect a finite recurrence time τ P = 4πN b for a constant density of the A j in the interval ]0, A]. For times t ≫ N b , the replacement ω ν by the A ν−1 is no longer valid, and |α(t)| 2 oscillates around a mean value 1 − 2 and frequency ∼ |h − N bĀ /2|. Note that increasing a strong field suppresses the amplitude further and augments the frequency. Taking this together with the findings for the small field case, one concludes that for h > 0, there must be a region around a field h r where the amplitude is maximal and the frequency minimal.
To study this region, it is instructive to consider homogeneous couplings first. The BA equations can be solved explicitly in this case, yielding
If one chooses A = 2, this leads to This behaviour was also found in [5, 6] for the inhomogeneous case, which we look at now.
Here resonance occurs at
where the two frequencies ω 1,2 become equal: ω 1,2 ≈ N bĀ A. In this case, one finds
where the prefactor was again determined by the condition |α(0)| 2 = 1. The width of the resonance is still ∼ √ N b , in agreement with [5, 6] .
Fully polarized bath: Numerical results
In the following, we show exact results for S z 0 (t) with N b = 30 bath spins, obtained by numerically solving the BA equation, and compare those with our approximations. We consider two different choices of distributing the A j , namely a Gaussian and a linear distribution:
for j = 1, . . . , N b . In both cases, A = 1. Note that the features discussed above are universal in the sense that they depend on the distribution of the A j only through the mean valueĀ. Figure 1 shows the time evolution of S z 0 for h = 0. The initial decay ∼ t 2 , the time scale t a where the decay stops, the frequency and the mean value around which the oscillation takes place agree well with the exact numerics. We recall that from Eq. (11), the mean value is (17), and blue dotted lines the time scale ta, defined in Eq. (10) . We checked that the initial decay is ∼ t 2 , as expected from Eq. (11). For the effective frequencies, we obtain ω ef f,n = 6.7, (ω ef f,n = 8.1) for the Gaussian (linear) distribution. The analytical predictions N bĀ /2 = 6.4 (7.8) are in good agreement with that. The case of h chosen such that resonance occurs is depicted in Fig. 2 . The oscillation is between ±1/2, as expected. The effective frequencies ω ef f,n = 3.0 (ω ef f,n = 3.3) for the Gaussian (linear) distribution compare reasonably well with the approximative values N bĀ = 3.6 (3.9). For the case of a large field, we checked that the initial decay is ∼ t 2 , in agreement with Eq. (13) . Furthermore, the approximative mean value −1/2(1 − ) coincides with numerical results as well. For a linear distribution of the A j , we also observe that a strong magnetic field causes a finite recurrence time τ P = 4πN b for times not larger than O(τ P ), as noted below Eq. (13).
Conclusion and outlook
The approximative analytical and numerical evaluations of the exact formula for the time evolution of S z 0 for a fully polarized bath show that an inhomogeneous broadening of the Heisenberg couplings with the central spin leads to decoherence only initially for short times. However, this decoherence process is far from complete and does not suppress the oscillations. This and our previous work [17] suggest that decoherence of the central spin is also due to an initially unentangled bath, if the overall magnetization of the bath is O(1). Such a scenario is consistent with [20, 21] , where it was argued that entanglement in the bath protects the central spin from decohering. Namely, as found in [17] , S z 0 (t) decays to zero within a decoherence time τ d ∼ 1/ √ N b with a recurrence time τ P = O(1) for an initially unmagnetized, uncorrelated bath, coupling homogeneously to the central spin. Non-uniformity of the coupling constants will lead to τ P → ∞. One very interesting question is whether it also affects the decoherence of the central spin for an unmagnetized bath.
